Abstract. We use the spectral sequence developed by Graeme Segal in order to understand the Twisted G-Equivariant K-Theory for proper and discrete actions. We show that the second page of this spectral sequence is isomorphic to a version of Equivariant Bredon cohomology with local coefficients in twisted representations. We furthermore give an explicit description of the third differential of the spectral sequence, and we recover known results when the twisting comes from discrete torsion.
Introduction
One of the tools for calculating generalized cohomology groups is the AtiyahHirzebruch spectral sequence which was originally developed in [4] in order to study K-theory. Many generalizations of this spectral sequence have been developed for studying cohomology theories in the equivariant context and we will pay specific attention to the spectral sequence developed by Segal in [21] .
Twisted Equivariant K-Theory was defined by Atiyah and Segal in [2] using bundles of Fredholm operators and was extended to the context of proper actions by M. Joachim and the first three authors in [5] . Due to the relation of the Verlinde Algebra to the twisted equivariant K-Theory of a compact Lie group acting on itself by conjugation stablished by Freed, Hopkins and Teleman in [14] , computational methods have become necessary in order to calculate the Twisted Equivariant Ktheory groups. Specialized to the case of the conjugation action, the Künneth Spectral sequence [8] , and the Rothenberg-Steenrod spectral sequence for Twisted Equivariant K-homology [11] have been successfully used to determine the twisted equivariant K-Theory groups. Theoretical tools like the completion theorem of Lahtinen [17] , together with the previously described methods, define the group of ideas used for the computation in [16] of the twisted K-Theory of the loop space of the classifying space of a simply connected and simple compact lie group.
Besides from notable specific examples explained in [13] , and the case on which the twisting comes from discrete torsion [12] (where a method is used to reduce the construction of the spectral sequence to an untwisted version as done in [10] ), it has not been carried out a systematic study of a spectral sequence for computing Twisted Equivariant K-theory under the presence of a generic twist. This is the main objective of this work.
In [5] the Twisted Equivariant K-Theory for a proper G-ANR X was defined given a Stable Equivariant Projective Unitary bundle; these bundles were shown in [5] to be classified by elements of the degree three Borel cohomology group H 3 (X× G EG; Z). In this note we use the explicit construction of the universal stable equivariant projective unitary bundle done in [5] in order to determine the first three pages of Segal's spectral sequence converging to the Twisted Equivariant for k = 0, 1 are equal to f k . The set of C-homotopy classes of maps between two spaces will be denoted by [X, Y ] C Definition 1.3. Let X be a contravariant, pointed C-space over C and let Y be a covariant C-space over C. Their tensor product X ⊗ C Y is the space defined by
where ∼ is the equivalence relation generated by (xφ, y) ∼ (x, φy). Definition 1.4. Let C be a small category. A free C-CW complex is a contravariant C-space together with a filtration X 0 ⊂ X 1 ⊂ . . . = X such that X = colim n X n and each X n is obtained from the X n−1 by a pushout of consisting of maps of C-spaces of the form i∈In mor C (?, c i ) × S n−1 / / X n−1 i∈In mor C (?, c i ) × D n / / X n where the c i 's are objects in C and the spaces mor(?, c i ) carry the discrete topology. Definition 1.5. Let C be a small category and R be a commutative ring. A contravariant RC-module is a contravariant functor from C to the category of Rmodules. A contravariant RC-chain complex is a functor from C to the category of R-chain complexes.
An RC-module F is free if it is isomorphic to an RC-module of the form
for some index set I and objects c i ∈ C.
Given two C-modules A, B of the same variance, the R-module
is the module of natural transformations of functors from C to R-modules. Definition 1.6. Given a category C and an object c in C, the category over c , C ↓ c is the category where the objects are morphisms ϕ : c 0 → c and a morphism between ϕ 0 : c 0 → c and
Dually, the category under an object c, denoted c ↓ C is the category where the objects are morphisms ϕ : c → c 0 and a morphism between ϕ 0 : c → c 0 and
Fix an object c, and denote by BC ↓ c the classifying space of the category over c and by Bc ↓ C the classifying space of the category under c.
The contravariant, free ZC-chain complex C
We now specialize to the categories relevant to Twisted K-Theory and Bredon Cohomology with local coefficient systems.
Let G be a group and X be a proper G-ANR. Let U = {U i } i∈Σ be a countable covering of X by open, G-invariant sets X = i∈σ U i . Given a subset σ ⊂ Σ, define U σ = ∩ i∈σ U i . We will assume that for all σ, the open set U σ is G-homotopy equivalent to an orbit G/H σ for a finite group H σ ⊂ G. The existence of such a cover, sometimes known as contractible slice cover, is guaranteed for proper G-ANR's by an appropriate version of the slice Theorem (see [1] ).
The category associated to U , denoted by N G U, has for objects σ⊂Σ U σ and for morphism the inclusions U τ → U σ whenever there is an inclusion of sets σ ⊂ τ . A coefficient system with values on R-Modules is a contravariant functor N G U → R − Mod. Definition 1.8. Let X be a proper G-space with a slice cover U, and let M be a coefficient system. Define the Bredon equivariant cohomology groups with respect to U as the cohomology groups of the category
Whenever we have a refinement V → U of the G-invariant cover, we get a group homomorphism
where the functor M ′ is obtained by the composition of the functor N G V → N G U with the functor M . Remark 1.9. For more general spaces a version ofČech cohomology might be constructed by taking the inverse limit over open covers U of the space X:
Details are provided in [19] . Other approaches toČech versions of Bredon Cohomology include [15] .
Parametrized equivariant topology.
The orbit category was introduced by Bredon for the definition of cohomological invariants of spaces with an action. We introduce now a formalism for taking into account also twisting data in this picture.
Definition 2.1. Let G be a discrete group. The orbit category with respect to the family of finite subgroups O P G has for objects Obj(O P G ) = {G/H : H is a finite subgroup of G} and whose morphisms consist of G-maps:
Given a G-space X, the fixed point set system of X, denoted by ΦX, is the O P G -space defined by:
The functor Φ becomes a functor from the category of proper G-spaces to the category of O P G -spaces.
If X is a contravariant functor from O P G to spaces, and ∇ is the covariant functor from O P G to spaces which assigns to an orbit G/H the homogenous space G/H, one can define the G-spaceX
where ∼ is the equivalence relation generated by (X (φ)(x), y) ∼ (x, Y(φ)(y)) for all morphisms φ : c → d in O P G and points x ∈ X (d) and y ∈ Y(c), and the G-action comes from the left translation action on G/H.
For G a discrete group [10, 
and moreover, the adjoint of the identity map on ΦY under the above adjunction, is a natural G-homeomorphism
and in particular, there is a G-homotopy equivalence
A model for the homopical version of the previous construction is defined as follows. Consider the topological category (X , ∇) whose objects are
and whose morphisms consist of all triples (x, φ, y) where φ : c → d is a morphism in O P G and x ∈ X (d) and y ∈ ∇(c), with source(x, φ, y) = (X (φ)(x), y) and target(x, φ, y) = (x, ∇(φ)(y)). Define the spaceX h as the geometric realization of the category (X , ∇). The spaceX h is provided with a mapX h →X which is a model for the map from the homotopy colimit to the colimit. This map is a G-homotopy equivalence if X is a free O P G -complex. We now introduce parametrized versions of the constructions defined in the orbit category. 
We denote the set of homotopy classes of maps over B by
Twisted equivariant K-theory and Local coefficient versions of Bredon Cohomology
Twisted Equivariant K-Theory for proper actions of discrete groups was introduced in [5] . In what follows we will recall its definition using Fredholm bundles and it properties following [5] .
Definition 3.1. Let X be a proper G-Space with the homotopy type of a proper G-ANR. Let H be a separable complex Hilbert space and
be the unitary group endowed with the norm topology. The group P U(H) = U(H)/S 1 with the quotient topology is the group of projective unitary operators. A projective unitary, stable G-equivariant bundle is a right P U(H), principal bundle P U(H) → P → X endowed with a left G action lifting the action on X such that:
• the left G-action commutes with the right P U(H) action, and • for all x ∈ X there exists a G-neighborhood V of x and a G x -contractible slice U of x with V equivariantly homeomorphic to U × Gx G with the action
together with a local trivialization
where the action of the isotropy group is:
with f x : G x → P U(H) a fixed stable homomorphism, in the sense that the unitary representation H induced by the homomorphism f x :
contains each of the irreducible representations of G x on which S 1 acts by multiplication an infinitely number of times.
Let X be a G space and P → X a projective unitary stable G-equivariant bundle over X. Recall [2, 5] that the space of Fredholm operators is endowed with a continuous right action of the group P U(H) by conjugation, therefore we can take the associated bundle over X
where Fred(H) is the space of Fredholm operators with the norm topology, and with the induced G action given by
for g in G, λ in P and (A, B) in Fred(H).
Denote by Γ(X; Fred(P )) the space of sections of the bundle Fred(P ) → X and choose as base point in this space the section which chooses the base point on the fibers. This section exists because the P U(H) action on (Id, Id) is trivial, and therefore
let us denote this identity section by s.
Definition 3.2. Let X be a connected G-space and P a projective unitary stable G-equivariant bundle over X. The Twisted G-equivariant K-theory groups of X twisted by P are defined as the homotopy groups of the G-equivariant sections
where the base point s is the identity section.
In [5, Section 3.2] it was constructed the universal projective unitary stable equivariant bundle by gluing the universal bundles over each orbit type.
The base of this universal bundle was constructed from the O P G -space |C| which at each orbit type G/K assigns the space |C G/K |; this space is the geometric realization of the category C G/K whose objects are functors from the category defined by the left G action on G/K, denoted by G ⋉ G/K, and the category defined by the group P U(H) F unct st (G ⋉ G/K, P U(H)) whose restriction to Hom(K, P U(H)) are stable homomorphisms, and whose morphisms are given by natural transformations.
In the category of O P G -spaces, a classifying map for the bundle P → X is obtained by map µ : ΦX → |C| assembling the maps µ G/K :
and denote by p : F red(|D|) → |C| the projection map which is the assembly of the canonical projection maps
Since the identity operator Id H on the Hilbert space H is invariant under the conjugation action of P U(H), then the projection map p has a canonical section s : |C| → F red(|D|) which assigns to every point the operator Id H .
Alternatively, we could define the twisted equivariant K-theory groups in the category of O P G -spaces in the following way. For a proper G-CW complex X endowed with a map of O P G -spaces µ : ΦX → |C|, we can alternatively define the Twisted Equivariant K-theory groups of the pair (X; µ) as the homotopy groups of the pointed space
3.1. Bredon cohomology with local coefficients. The only non trivial homotopy groups of the spaces |C G/K | exist in degree 0,1 and 3. Applying the geometric realization of the fundamental groupoid functor done in the Appendix 6, we can encode the information of the first two homotopy groups of the spaces |C G/K | in a canonical way via the geometrical realization of the fundamental groupoid |π 1 |C G/K ||. If we denote by |π 1 |C|| the O P G -space such that for G/H is assigned the space |π 1 |C G/K ||, then we have that ι : |C| → |π 1 |C|| is a canonical map of O P G -spaces with the property that for each G/H the canonical map
induces an isomorphism on path connected components and on fundamental groups, as it is proven in Theorem 6.1.
Since we know by [5, Theorem 1.9 ] that π 0 (|C G/K |) ∼ = Ext(S 1 , K) is the set of isomorphism classes of S 1 -central extensions of K, and that the fundamental group of each connected component of |C G/K | is isomorphic to Hom(K, S 1 ), then one can construct a weak homotopy equivalence
which moreover is N G (K)/K equivariant where the group N G (K)/K acts in the canonical way on the right hand side by conjugation on the central extensions as well as in the homomorphisms. Let us denote by
The index map
induces a surjective homomorphism where
is the Grothendieck group of complex K representations on which S 1 = Ker( K → K) acts by multiplication; this map moreover induces an isomorphism at the level of the connected components
Therefore we have that the connected components of the fibers of the map
are all isomorphic to the group R S 1 ( K) via the index map. Therefore we can construct a global index map Definition 3.3. Consider the O P G -space W over |π 1 |C|| such that on the orbit type G/K we have
where |π 1 |C G/K || K is the universal cover of |π 1 |C G/K || K , the action of Hom(K, S 1 ) on the left hand side is given by an explicit isomorphism π 1 (|C G/K | K ) ∼ = Hom(K, S 1 ) and the action on the right hand side is given by
where ρ is understood as the 1-dimensional representation of K that the homomorphism ρ defines. Denote by q : W → |π 1 |C G/K || the natural projection map and by t :
The index of a Fredholm operator provide us with a map of O P G -spaces ind : F red(|D|) → W which for every orbit type G/K makes the following diagram commute
and which by the analysis done above, induces an isomorphism of connected components
for every point x ∈ |C G/K | K and every S 1 -central extension K. To construct the Bredon cohomology with coefficients in twisted representations, we perform a construction similar to the one done in Definition 3.3 on which we replace the group of twisted representations R S 1 ( K) by HR S 1 ( K), the EilenbergMaclane spectra of the abelian group R S 1 ( K). Definition 3.6. Consider the O P G -spectra TR over |π 1 |C|| of twisted representations, such that on the orbit type G/K we have
where |π 1 |C G/K || K is the universal cover of |π 1 |C G/K || K , the action of Hom(K, S 1 ) on the left hand side is given by an explicit isomorphism π 1 (|C G/K | K ) ∼ = Hom(K, S 1 ) and the action on the right hand side is the one induced by the action
Denote by r : TR → |π 1 |C|| the natural projection map and by σ : |π 1 |C|| → TR the section which chooses the base point in HR S 1 ( K).
Note that since π 0 (HR S 1 ( K)) = R S 1 ( K), there is a canonical map τ : TR → W making the following diagram commutative
which induces an isomorphism on the connected components of the fibers, i.e. for all y ∈ |π 1 |C G/K || K we have that
The O P G -spaces and O P G -spectra previously defined fit in the diagram F red(|D|))
We are now ready to define the equivariant twsited Bredon cohology associated to twisted representations. 
These cohomology groups satisfy the axioms of a parametrized G-equivariant cohomology theory and the proof follows the same lines as the one for the Twisted Equivariant K-theory groups which can be found in [5, Appendix A]; we will not reproduce its proof here.
Remark 3.11. Other approaches to Bredon cohomology with local coefficients include [7] , where methods from the theory of crossed complexes and their classifying spaces are used to produce a classifying object for Bredon cohomology with local coefficients.
Segal's spectral sequence for Twisted equivariant K-theory
We will use Segal's method [21] to obtain a filtration of the homotopy theoretically defined Twisted Equivariant K-theory, as well as a version of Bredon Cohomology associated to a cover to handle the homotopical version of Bredon cohomology described in the previous section. We describe first the local coefficient system associated to Twisted Equivariant K-theory. Definition 4.1 (Local coefficient system of Twisted Equivariant K-Theory). Consider a projective unitary stable bundle P over a proper G-space X and a Ginvariant and countable cover U on which each open set U σ is equivariantly contractible, i.e. G-homotopic to G/H σ for some finite subgroup H σ depending on the set U σ . We can define a local coefficient system by the functor
Let X be a proper compact G-ANR . Segal's spectral sequence associated to the locally finite and equivariantly contractible cover U and converging to K * G (X, P ), has for second page E Proof. Since the cover consists of equivariantly contractible spaces we know that the groups K q G (U σ ; P | Uσ ) are periodic and trivial for q odd. Therefore the fact that the second page of Segal's spectral sequence is isomorphic to H p G (X, U; K q G (?, P | ? )) follows directly from Segal's original proof. This in particular implies that the even differentials vanish.
What we are mainly interested is in the third differential of the spectral sequence, and to understand it we need to elaborate on the cohomology of N G U with coefficients in the functor K 0 G (?, P | ? )) and compare with the homotopy theoretic definition given in section 3.
We claim the following Proposition 4.4. Let U be a locally finite cover of G-invariant sets of X such that each non-trivial intersection of sets in the cover is equivariantly contractible. Then for any map µ : ΦX → |C| the second page of Segal's spectral sequence converging to K * G (X; µ) is isomorphic to the Bredon cohomology groups for the pair (X, ι • µ) with ι • µ : ΦX → |π 1 |C||; i.e. for q even
Proof. Applying Segal's spectral sequence to H p G (X, ι • µ) with the cover U we get that the second page of this spectral sequence is
Since the open sets U σ are equivariantly contractible we have that for q = 0 H q G (U σ , ι • µ| Uσ )) = 0 and thereforeĒ p,q 2 = 0 for q = 0. Therefore the spectral sequence collapses at the second page and this page becomes
. Now we need to show that there is a canonical way to assign isomorphisms
which commute with the restriction maps on each side; the existence of such isomorphisms would induce a canonical isomorphism between the complexes defined in the first page of the spectral sequences and therefore would induce an isomorphism at the second pages
The existence of the isomorphisms described in (4.5) follow from the explicit maps described in diagram (3.9) and from the isomorphisms of equations (3.5) and (3.8).
Since U σ is equivariantly contractible to a point, by equation (3.9) we know that the canonical map
induces an isomorphism on connected components, and hence a canonical isomorphism
By equation (3.8) we also know that the canonical map
induces an isomorphism at the level of connected components
Therefore the isomorphism
clearly commute with the restriction maps on both sides and this finishes the proof.
Steenrod cube over twisted representations. For any S
1 central extension K, the group of twisted representations R S 1 ( K) is a free Z-module generated by the irreducible representations of K on which S 1 acts by scalar multiplication. Therefore we have the short exact sequence of coefficients
and we can consider the composition of maps of Ω-Spectra
where the first map is the reduction modulo 2 map, the second is the Steenrod square defined over each Z/2-module generated by irreducible representations, and the third map is the Bockstein map induced by the short exact sequence of (4.6). Denote the composition
and note that it is compatible with the N G (K)/K action on HR S 1 ( K) and with the restriction maps. If we apply the loop functor fiberwise to TR G/K and we denote it by
we see that the maps Sq
K
induce fiberwise maps
which can be assembled into a map that we denote
This class η K is precisely the class defined by the homotopy class of the map
The cup product on each free Z-module generated by the set of isomorphism classes of irreducible representations of K on which S 1 acts by multiplication, induces a map
which is N G (K)/K equivariant and compatible with restrictions. Therefore we get
which allow us to define a map
, such that it induces a degree three homomorphism
. Remark 4.8. The procedure described above defines in general a H * (X, Z) Gmodule structure on H * G (X, ι • µ) by the cup product. Therefore we could say that the degree three homomorphism η∪ is equivalent to performing the cup product with the class η.
If the group G is trivial, the class η ∈ H 3 (X, Z) classifies the projective unitary bundle over X, and it was proven by Atiyah and Segal [2] that the third differential of Segal's spectral sequence was equivalent to the homomorphism Sq is isomorphic to the homomorphism
G is the G-invariant cohomology class which classifies the projective equivariant unitary stable bundle P over X once the G-action is forgotten.
Proof. Since the third differential is a homomorphism
which is functorial and only depends on the map κ : ΦX → K(Z, 3), then we see that it will be defined by a map of Eilenberg-Maclane spaces
In the case that K is the trivial group, Atiyah and Segal have proved [3, Prop. 4.6 ] the map of of Eilenberg-Maclane spaces
is given by the operation Sq 3 Z − η∪; we will argue that the same proof applies to the present case.
The twisted equivariant K-theory is given as the homotopy groups of the space of sections of the universal bundle which fits in the following commutative diagram
Each point x ∈ |C G/K | endows the space of Fredholm operators of the fiber p −1 G/K (x) with a structure isomorphic to F red(H ′ ) K where H ′ is a K-Hilbert space on which all irreducible representations of K, on which the kernel K → K acts by multiplication, appear infinitely number of times. Since K is a finite group, the set Irrep S 1 ( K) of these irreducible representations is finite, and by Schur's lemma we get a vector space isomorphism
which is moreover a homeomorphism when we take the topology generated by the l 2 -norms on the right-hand side. The proof of Atiyah and Segal can now be applied to each of the spaces F red(l 2 (N)) for each irreducible representation V ∈ Irrep S 1 ( K); therefore we get that the operation we are looking for, should make the following diagram
commutative up to homotopy, where the maps j V : K(Z, p) → K(R S 1 ( K), p) are the ones induced by the homomorphisms Z → R S 1 ( K), n → nV . This implies that the map
is given by the operation Sq 3 K − η∪, and the theorem follows.
5. Applications 5.1. Equivariant K-theory. When Segal's spectral sequence is applied to nontwisted Equivariant K-theory, it is known that the second page of the spectral sequence is isomorphic to the Bredon cohomology with coefficients in representations E p,q
is the representation ring of K. The third differential simply becomes the operator Sq 3 .
5.2.
The case of η = 0. If the restriction of the class η ∈ H 3 (X × G EG; Z) to H 3 (X; Z) is zero, then we have that all the higher differentials of Segal's spectral sequence vanish if we tensor the spectral sequence with the rationals. This follows from the fact that the operations on the Eilenberg-Maclane spectra are all torsion operations. In this case Segal's spectral sequence tensored with the rationals collapses at the second page, and therefore the Twisted Equivariant K-theory is isomorphic to the Bredon cohomology with local coefficients in twisted representations after tensoring both cohomology groups with the rationals.
5.3.
Twisted Equivariant K-Theory for trivial G-spheres. We know from5.4. Discrete Torsion. One of the first versions of twisted equivariant K-theory were defined with the information of a 2-cocycle Z 2 (G, S 1 ) whenever the group was finite (see [22, 18] and references therein); these cocycles were called discrete torsion. Using the fact that the group H 2 (G, S 1 ) classifies isomorphisms classes of S 1 -central extensions of the group G, this definition of the Twisted Equivariant K-theory was generalized to the context of proper and discrete actions in [12] . With our setup we can recover the Twisted Equivariant K-theory groups associated to discrete torsion, and we can recover the spectral sequence developed in [12] . Let us see how this works.
Let G be a countable discrete group and let 1 → S 1 → G → G → 1 be a S 1 -central extension of G which is classified by the cohomology class α ∈ H 2 (G, S 1 ). Consider L 2 ( G), the square integrable complex functions on G, and endow it with the natural G-action given by composition (g · f )(h) := f (hg −1 ). Let
be the subspace on which S 1 acts by multiplication and let 1] ) be the G-Hilbert space on which at the kernel of the map G → G acts by multiplication.
Let U(H) be the group of unitary operators on H and note that the G action on V ( G) defines a homomorphism ρ : G → U(H) whose projectivisation ρ : G → P U(H) makes the following diagram commutative
For every orbit type G/K with K finite, define the functor
, and note that this assignment is functorial since any G-equivariant map ψ :
, and therefore the first coordinate stays fixed. Moreover, since
, where K denotes the S 1 -central extension of K induced by G and the inclusion K ⊂ G, then we know by Peter-Weyl's theorem that H includes all irreducible representations of K on which the circle acts by multiplication, an infinitely number of times; therefore we know that ρ G/K is a stable functor, since its restriction to the group K is a stable homomorphism (see Definition 3.1), and therefore it defines a point in |C G/K |.
For every proper G-CW-complex X we can associate the map of O P G -spaces ρ X : ΦX → |C| such that for every orbit type we get the constant map
In this way we get that the Twisted G-equivariant K-theory groups K * G (X; ρ X ) realize the Twisted G-equivariant K-theory groups associated to the S 1 -central extension G defined by Dwyer in [12] . Now, since the map ρ X is constant on each orbit type and only depends on the central extension G defined by α, we could define
) between the Bredon cohomology of the map ι • ρ X and the Bredon cohomology with coefficients in the twisted representations R α (?).
The groupsȞ * G (X; R α (?)) are the ones shown in [12] to be isomorphic to the second page of the Atiyah-Hirzebruch spectral sequence that converges to the twisted equivariant K-theory groups K * G (X; ρ X ). The methods developed in the present work have been successfully applied in [6] for the explicit calculation of the twisted Sl 3 (Z)-equivariant K-theory and Khomology of the space ESl 3 (Z). In this case, the calculations are done using an universal coefficients theorem for α-twisted Bredon cohomology, and the fact that the spectral sequence constructed in this work collapses at the second page.
Appendix: Geometric realization of the fundamental groupoid
Let Top be the category of Hausdorff topological spaces, and let TopGpds be the category of topological groupoids; namely small categories on which all morphisms are invertible and on which the sets of objects and morphisms belong to Top and such that all the structural maps are continuous.
Proof. The geometrical realization of the fundamental groupoid of a path connected space is path connected, and since ι X is an inclusion, then it follows by joining paths that ι X induces an isomorphism at the level of connected components.
For the study of the higher homotopy groups we need to choose a point, hence suppose we may suppose that X is path connected. For any x 0 ∈ X, let X be the universal cover of X defined by the space of homotopy classes of paths starting at x 0 , denote by q : X → X the canonical projection map given by evaluating the path at the end and denote by x 0 the point in X which denotes the constant map.
Since X is connected and simply connected we have that π 1 X is the product groupoid X × X ⇒ X. The functor of groupoids
is related to the identity functor on π 1 X by the natural transformation / / x 0 and therefore the identity map on |π 1 X| is homotopy equivalent to the constant map to [( * , x 0 )], and hence we have that |π 1 X| is contractible.
The fundamental group π 1 (X, x 0 ) acts naturally on the left on X and we can define a free action on X × X given by the diagonal map g · (x, y) → (gx, gy). The quotient space (X × X)/π 1 (X, x 0 ) is homeomorphic to the space Mor(π 1 X) since the orbits of the π 1 (X, x 0 ) action on X × X are precisely the set of lifts of a path in X. Therefore the quotient groupoid π 1 (X)/π 1 (X, x 0 ) is homeomorphic as a groupoid to π 1 X and the canonical map Since the action of π 1 (X, x 0 ) on π 1 X commutes with all the structural maps we have natural homeomorphisms |π 1 X|/π 1 (X, x 0 ) ∼ = |π 1 X/π 1 (X, x 0 )| ∼ = |π 1 X|; moreover, since |π 1 X| is contractible and the action of π 1 (X, x 0 ) is free, we have that π 1 (|π 1 X|, ι X (x 0 )) ∼ = π 1 (X, x 0 ) in a canonical way and all the higher homotopy groups of (|π 1 X|) vanish. We are just left with proving that ι X induces the desired isomorphism, but this follows from the canonical diagram of principal π 1 (X, x 0 )-bundles 
